arXiv:math-ph/0605066v1 24 May 2006

ZEROS OF SECTIONS OF EXPONENTIAL SUMS
PAVEL BLEHER AND ROBERT MALLISON, JR.

ABSTRACT. We derive the large n asymptotics of zeros of sections of a generic exponential
sum. We divide all the zeros of the n-th section of the exponential sum into “genuine zeros”,
which approach, as n — oo, the zeros of the exponential sum, and “spurious zeros”, which
go to infinity as n — co. We show that the spurious zeros, after scaling down by the factor
of n, approach a “rosette”, a finite collection of curves on the complex plane, resembling the
rosette. We derive also the large n asymptotics of the “transitional zeros”, the intermediate
zeros between genuine and spurious ones. Our results give an extension to the classical
results of Szego about the large n asymptotics of zeros of sections of the exponential, sine,
and cosine functions.

1. INTRODUCTION

We will be interested in this paper in the distribution of zeros of sections of exponential
sums. We consider the exponential sum,

flz) = che%a (1.1)

where ¢;, A; € C, and its Taylor series,

f(z) = Zakzk. (1.2)

The n-th section of f(z) is the finite Taylor series,

fu(z) = Z apz”. (1.3)
k=0

The problem is to find the distribution of zeros of f,,, f.(zx) = 0, as n — oo. This problem
was posed and solved for f(z) = e in the classical paper of Szegd [I8]. Szegd proved that

as n — 00, the rescaled zeros,
2k

n
approach the curve,

P={C: [e"¢I=1, [¢]<1}, (1.5)
on the complex plane, and the limiting distribution of the zeros on I' is the measure of the
maximal entropy, the preimage of the uniform measure on the circle under the Riemann map.
Precise asymptotics of the zeros of sections of e* and the sections themselves were obtained

in the works of Buckholtz [3], Newman and Rivlin [I3], Carpenter, Varga, and Waldvogel
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[, Pritsker and Varga [I5]. The absence of zeros in some parabolic domains on the complex
plane was established in the works of Newman and Rivlin [T3] and Saff and Varga [16]. For
connections of zeros of sections of e* to the Riemann zeta-function see the works of Conrey
and Ghosh [3] and Yildirim [22].

Szegd also found the limiting distribution of the sections zeros for f(z) = cos z and f(z) =
sin z. In this case a part of the zeros of f,, approaches the zeros of f as n — oo, but there is
another part of the zeros, the “spurious zeros”, which go to infinity as n — oo. Szego proved
that as n — oo the rescaled spurious zeros approach a limiting curve and have a limiting
distribution on this curve. Close results were obtained by Dieudonné [6], by a different
method. Detailed asymptotics of the zeros of sections of cosz and sin z were obtained in
the works of Kappert [I0]] and Varga and Carpenter [20], [21]. See also the review papers of
Varga [19], Ostrovskii [14], and Zemyan [23]. The distribution of zeros of analytic functions is
a classical area of complex analysis, and many results concerning the distribution of zeros of
analytic functions are discussed in the monograph of Levin [I2]. The distribution of sections
of analytic functions of the Mittag-Lefler type is studied in the work of Edrei, Saff, and
Varga [7].

Our main goal in this work is to obtain asymptotics of zeros of sections of exponential
sums. First we discuss, in Section 2, the asymptotics of large zeros of exponential sums
themselves. The rest of the paper is devoted to the asymptotics of zeros of the sections of
exponential sums. As an example, let us consider the exponential sum,

f(z) = 3e(B+20)z (—9 + 122')6(44—72')2 +(2+ Z’)e(—7+4i)z _ pe(-6=6i)z | (6 — 7i)6(1—8i)z
+ (8 = 5i)e 4% 4 (3 — 97)eH4)* | 9je(~2-40)z

The zeros of the section of this function for n = 250 are depicted on Figure 1. The zeros

form a shape resembling a rosette. In this paper we obtain the large n asymptotics of the

zeros of exponential sums, which provides us with explicit equations for different parts of
the rosette.

(1.6)

:‘1 o
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FIGURE 1. The zeros of the n = 250 section of exponential sum (6.
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We divide the zeros of f,, into four classes: (1) finite zeros, (2) zeros of the main series,
(3) spurious zeros, and (4) transitional zeros. They are described as follows:

e The finite zeros are the ones that lie in a finite disk, D(0, Ry) = {2z € C: |z| < Rp}.

e The zeros of the main series are located in a small neighborhood of the rays, on
the intervals Ry < |z| < nr.(j,n) — Ry, Ry > 0, where j is the number of the ray,
and lim,, o 7.(j,n) = 7.(j) > 0 is the critical radius on the j-th ray. We derive the
angular coordinate of the j-th ray and a transcendental equation, which determines
re(7) uniquely.

e Asn — oo, both the finite zeros and the zeros of the main series converge to the zeros
of the exponential sum, f(z). We call them the genuine zeros of f,,. In addition to
them, there are spurious zeros of f,,, which go to infinity as n — oco. If we scale down
the spurious zeros by the factor of n, they approach to some curves G;. We derive
the equations of the curves G;. As a better approximation to the spurious zeros, we
construct curves G', which approach G; as n — oo, and such that the scaled down
spurious zeros lie in the O(n~?)-neighborhood of G7'.

e The transitional zeros of f, are the intermediate ones, located near the triple points
on Figure 1, where the zeros of the main zeries and the spurious zeros merge. We
derive an equation, which gives the asymptotic location of the transitional zeros.
This is determined by zeros of a three term exponential sum.

We derive the asymptotics of the zeros of f,, as n — oo, in Sections 4-9 below. In
Appendices [Al and [B we obtain uniform asymptotics of zeros of the sections of €™, and
of the sections themselves, in a fixed neighborhood of the point ( = 1. These uniform
asymptotics are used in the main part of the paper to derive the asymptotics of the spurious
zeros of f,.

We would like to mention here the work of Kuijlaars and McLaughlin [I1], where the
Riemann-Hilbert approach to distribution of zeros of Laguerre polynomials with nonclassical
parameters is developed. The distribution of zeros in [I1] has many similarities to the
distribution of zeros of exponential sums. Also we would like to mention the work of Bergkvist
and Rullgard [2], in which the distribution of zeros of polynomial eigenfunctions of some
differential equations of higher order was studied. The distribution of zeros in [2] seems to
have similarities to the distribution of zeros of sectios of exponential sums as well.

2. ZEROS OF EXPONENTIAL SUMS

We consider the exponential sum,

M
f(z) = chesz’ ¢; # 0, (2.1)

where we assume that the numbers ); satisfy the following condition:

Condition P. The numbers \j, 7 = 1,...,m, m > 3, are the vertices of a convex m-gon
P,, on the complex plane, and the numbers \;, j =m+1,..., M, lie strictly inside of P,,.
The polygon P, is the convexr hull of the the numbers A;, j =1,..., M, on the complex
plane, and condition P restricts the remaining numbers A;, j =m+1,..., M, to lie strictly
inside of P, (not on the sides of P,,). For the sake of definiteness, we will assume that the



4 PAVEL BLEHER AND ROBERT MALLISON, JR.

vertices A1, ..., A, are enumerated counterclockwise along P,,. Figure 2 shows the convex
hull for exponential sum ([CH).

FIGURE 2. The convex hull for exponential sum ([CH), with A\; = 84 2i, Ay =
4—|—7Z, >\3 - —7+4Z, >\4 - —6—67,, )\5 - 1—81, )‘6 - 6—47,, )\7 - 4+4’L, )‘8 -
—2 — 4.

In this section we describe the asymptotics of zeros of f(z) on the complex plane as
|z| — 0o. We begin with a description of sectors free of large zeros of f. Define

O, = —arg(A\, — Aj) + g mod 27. (2.2)
Partition the complex plane into the sectors,
Uj={z=re": 0;;,1,<0<0;_1; mod?2m, r> 0}, j=1,...,m, (2.3)
where we take the convention that
Orm.mt1 = o1 = O (2.4)

The notation 0, ;41 < 6 < 6;_1; mod 27 means that 6 belongs to the interval from 6; ;1 to
¢;_1,; on the unit circle in the positive direction. Define also the rays,

Sj,j+1 = {Z = T@ie . 9 = Hj,j-l-lv T Z O}, j = 1, e,y (25)

so that U is the sector between the rays §; ;11 and S;_; ;. Observe that the rays S; ;11 are
orthogonal to the sides of the complex conjugate convex hull, F,,, of the numbers ;. Figure
3 shows the complex conjugate convex hull and the rays S; ;11 for exponential sum (LH).

For a given 7 = 1,..., m, we write

M
2 CkEAkZ — Cj€>\jz
k=1

We will describe a region where the sum in the brackets on the right is small and, as a result,

f(z) #0.

1+ Y C—’fe“k‘*j”] . (2.6)

c
k:k#5 7
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FIGURE 3. The complex conjugate convex hull for exponential sum ([LH), and
the corresponding rays S; ;11,7 =1,...,6.

Proposition 2.1. Let us fix 0 in the interval

ej’j+1 << Hj—Lj mod 2. (27)
Then for any k # 7,
lim e %)% = 0, z=re. (2.8)

Proof. Since A\;_1, A;, A\j;1 are the vertices of the convex hull of the numbers A, we have
that

arg(Ajr1 — Aj) <arg(Ap — Aj) <arg(Aj—1 —A;) mod 2, (2.9)
hence
s 3T
—9]'7]'4_1 + 5 S arg()\k — )\]) S —9]'7]'4_1 + 7 mod 27. (210)
By adding this inequality and (Z7), we obtain that
3
g <arg(Ap — \j)z < g mod 27, (2.11)
which implies (). Proposition 21is proved. O

For the future use, observe that if £ # j — 1, j, 7 + 1, then inequality (Z9) is strict and
hence there exists € > 0 such that

3
g +e<arg(h — Az < 7” - (2.12)

This gives that for some ¢ > 0,
eV = O(emHl), 2] w00 kA1 4+, (2.13)

uniformly in the closed sector Uf;. From (23)) we obtain that for some € > 0,

3
g <arg (A1 — Aj)z < ; —e, z€eU, (2.14)
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and from (ZH), that

T
arg (>\j+1 — )\j)Z = 5, z € Sj,j+1- (215)
This gives that for some ¢ > 0,
Q(Aj+1_)\j)z = O(E_Cdj’j+1(z)), dj,j—i—l(z) = diSt(Z,SjJ'_H) — OQ0] A Z/{j. (216)
Similarly,
ePim17A) — O(eedi-1i (), dij_1,(z) = oo; z € U;. (2.17)

Estimates (Z13), [ZI0), and ZI7) imply that there exist large numbers ro, Ry > 0 such
that for j =1,...,m,

1
Yo FEe e < 20 2 e Uy(ro, Ro), (2.18)
— 1< 2
k: k#j
where
Z/{j(’f’o,Ro) = {Z € Z/{j : |Z‘ > Ro, diSt(Z,Sj’j_H) >To, diSt(Z,Sj_Lj) > To}. (219)

We will call U;(rg, Ry) the j-th one-term domination domain. When z € U;(ro, Ry), the term
c;e’* dominates in f(z) the other terms. Define

Z/I(’l“(), Ro) = U I/{j(’l“(), Ro) (220)
j=1
Define also
Sj,j+1(7”0, R()) = {Z : ‘Z| > Ry, diSt(Z,SjJ_i_l) < 7”0}, j=1...,m. (221)
We will assume that Ry is big enough so that
Sj,j+1(7”0, R(]) ﬂSj_Lj(ro, R(]) = @, j = 1, oo, (222)
We will call S; j1+1(r0, Ro) the (j,j + 1)-st two-term domination strip. Define
S(TQ,RQ) = USj,j—I—l(TOvRO)’ (223)
j=1

Proposition 2.2. (Absence of zeros of f in the one-term domination domains). There exists
ro, Ry > 0 such that

M
che“z #0, z € U(rg, Ry). (2.24)
k=1

Proof. The proof follows from () and ZIF). O

Proposition implies that all the large zeros of f are concentrated in the two-term
domination strips, S; ;j+1(70, Ro). To describe these zeros consider the two-term equation,

fo(2) = ;€M7 + ¢j Mt = 0. (2.25)
By the linear change of variable,
M =Nz 1 g

= Wil T AR 2 2.96
u % M TR (2:26)
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we reduce fy to
(Ajg1t2r5)z

fo(z) =2y/¢cjc;ze 2 cosu. (2.27)
Therefore, the general solution to equation ([23) is u = § + l, or
2=200,7 + ;1) = aj 1 + Tj 41, n € Z, (2.28)
where
i — log 2
Observe that
argT;iy1 = Qj,jﬂ . (230)

Now we can describe the zeros of f in the two-term domination strips. We will use the
following general proposition. Denote

D(zo,7)={z: |z — 20| <71}, r > 0. (2.31)
Proposition 2.3. Let f(z) = fo(2) + fi(2) where fo, fi are analytic functions in the disk
D(zo,7), r > 0. Suppose that

L fO(ZO) = 0)
o |fo(2)| > Alz — 20|, Yz € D(20,7), where A > 0,

o |fi(2)] <e, z€ D(z,7), € >0.
Then if ro = 2—; < r, then there is a unique simple zero of f in the disk D(zo,7).

Proof. For |z — zo| = ro, |fo(2)| > 2e > |f1(2)], hence f has a unique simple zero in D(zg, o)
by the Rouché theorem. Proposition is proved. O

With the help of Proposition we prove the following result.

Proposition 2.4. (Zeros of f in the two-term domination strips). There exist rg, Ry > 0
such that all zeros zj, of exponential sum (Z) in S; j41(ro, Ro) are simple and close to zeros

(Z2Z8), so that for somel =1(k) >0,

|z — 2°(, 5 + 1;0)| = O(e™), ¢>0, (2.32)
and for each 2°(j,7 + 1;1) € S; j+1(r0, Ro), there is a zero zy, of f satisfying (2-33).
Proof. From (ZI3)) and ([ZI7) we obtain that if z € S; ;+1(r0, Rp), then for some ¢ > 0,

(MW= O™ W), T = O ), o] oo kA L (233)
Let us write equation f(z) =0 as
fo(z) + fi(z) =0, fiz) = Z e (2.34)
k#j,j+1

Then (233) implies that if 2 € S; j+1(70, Rp), then

BGVES bt D

e 7 fi(z) = 0(e™ ), >0, |z| — oo, (2.35)
and under transformation (2226) equation (EZ34) becomes
cosu + g1 (u) =0, g1(u) = O(e™ @™y ¢4 > 0; Reu — oo. (2.36)
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Proposition implies that for any a > 0 there exists b > 0 such that all zeros of the latter
equation in the region

{vw: |Imu| <a, Reu > b} (2.37)

are simple and of the form,
WO(l) = g + 7l + O(e~cRew), (2.38)
This implies (Z32). Proposition 24 is proved. O

We will call z, € S(rg, Ry), the zeros of the main series. We summarize the results of this
section as follows.

Theorem 2.5. (Zeros of the exponential sum.) Suppose that the numbers \; satisfy Condi-
tion P. Then there exists ro, Ry > 0 such that all the zeros of f belong to one of the following
categories:

o |z:| < Ry (finite zeros)

o 2z € S(ro, Ry), described by formula (Z233) (zeros of the main series).

3. ZEROS OF SECTIONS OF EXPONENTIAL SUMS

Denote by f,.(z) the section of the exponential sum f(z),

— ["(0)2*
fale) =) —7— (3.1)
k=0
By £,
n M Cj)\l?
fn(z) = Z apz”, ar = k—'J . (3.2)
k=0 j=1

Our main goal will be to decribe the zeros of the polynomial f,(z),

fn(z) =0, (3.3)

as n — o0o. We expect that as n — oo some of the zeros of f,(z) approach the zeros of
f(2). We call them the genuine zeros of f,. We divide the genuine zeros into finite zeros
and zeros of the main series, in accordance with Theorem EZH. But there is also a family of
other zeros, which go to infinity as n — oo. We call them the spurious zeros. In addition,
there will be a relatively small number of intermediate zeros. We call them the transitional
zeros. In the following sections, we will describe all these zeros of f,,.

4. FINITE ZEROS

It will be more convenient for us to consider, instead of (B3)), the equation

We rewrite it as . .
k n An+k _k
— = a, Rk 4.2
f(2) ;akz a2 ; o z (4.2)

In addition to Condition P, we will assume the following condition:

Condition Q. One of |\j|’s, say |\1|, is bigger than the others.
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By the change of variables, A1z — z, we can reduce A\; to 1, so we will assume that

A =1> |\, j=2,...,N. (4.3)
Also we can assume that
C1 = 1. (44)
In this case, by [B2), as n — oo,
1
ap = E(HO(q")), 0<g<l1. (4.5)
Therefore, equation (f2)) reads
1+ 0(q 1+ . 4.6
J(z) = ( Z n+1 n+k)(1+0(q")) (4.6)
By the Stirling formula,
n!:Z—n omnet,  0<f<1, (4.7)
hence we can rewrite ({0) as
0
e"z"e  T2n "L+ 0(¢"))
H=""" 140" |1+ , 48
/) n"\/2mn ( Z n—i-l A(n+ k)1 +0(qm)) (4.8)

where the O-terms are independent of z. If z is bounded, |z| < Ry, then the right hand side
is O(e=4") as n — oo for any A > 0. Hence the zeros, with multiplicities, of f, are close to
those of f. More precisely, the following proposition holds.

Proposition 4.1. (Finite zeros of f,_1). Let Ry > 0 be a fized number such that f has no
zeros on the circle |z| = Ro. Then for large n, there is a one-to-one correspondence between

zeros z, € D(0, Ry) of f, and zeros z(n) € D(0, Ry) of fn.—1 such that
2k(n) — 2 = O(e™"), n — oo, (4.9)

for any A > 0. Here any zero of multiplicity p is counted as p zeros.

5. ZEROS OF THE MAIN SERIES

Consider now zeros of f in the two-term domination strip S; ;+1(r0, Ro). Let us write f
as

f(2) = fo(z) + fi(2), fol2) = ¢ 4 ¢jae 2, (5.1)
so that f, dominates fi in S; ;41(r0, Ro). With the help of substitution ([£28), we reduce f
to form (Z27). In (Z26), (Z27) we choose the branch for log% and ,/c;¢j11 as follows: if

c;j=rije%, —m <0; <m j=1,...,m, then we define

C 0 +0; +1
log JC—H =In i—“ +i(0,41 — 6,), VCiCit1 = \/TjTjr1€" 3 (5.2)
j j
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Under (220), equation (E£F) reduces to the form,

Ajr1t2j)= )
nne— 2 e 12n

2,/¢j¢jrin™V2mn

(&

cos U —+ O(e_CRC“) =

(1+0(q")

i i (5.3)
(1+0O(g"*
14 Z 2"(140(¢"™))
(n+1)...(n+k)(1+0O(q))
After the rescaling,
z =n(, (5.4)
we obtain the equation,
nene Qj+1H35m¢ ¢
e e 2 e 12n
cosu + O (e Rev) = 14+ 0(¢"
() = e e (14 0) o

kék 1+0(¢"*"))
”Z D). . (n+ R0

Let us discuss the condition when the right hand side in this equation is o(1) as n — oo.
As a first approximation to this, consider the critical radius r. = r.(j,7 + 1) > 0 on the ray
{¢: arg( =46,,41}, as a solution of the equation

e Ce_M =1, ¢ = reetliit, (5.6)
on the interval 0 < r. < 1. This equation can be rewritten as
ree! et = 1, (5.7)
where
Ljj+1 = w cos Bjj+1, (5.8)
and

T Niv1 + A
6j,j+1 = arg(AjH + >\]) + 9j7j+1 — 7T =——+ar M

. 5.9
y taey T (5.9)

Proposition 5.1. (Existence of the critical radius). There exists a unique solution of equa-
tion (24) on the interval 0 < r. < 1.

Proof. Observe that ([3) implies that

1<z <L (5.10)
From this condition we obtain that the function
g(r) = re' it (5.11)
is increasing on [0, 1]. Indeed,
g(r) = (1 +rzj)et™ >0, 0<r<1 (5.12)

Also, ¢g(0) = 0 and g(1) > 1, hence equation (B7) has a unique solution on the interval
0<r.<1, QED. O
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Let 0 < r* < 1 be a solution of the equation,

rrett = 1. (5.13)
We have that
r* = 0.27846 . .. (5.14)
From (BI0) we obtain that g(r*) < 1, hence
r*<r.<l. (5.15)
In the disk |¢| < r. < 1, the function
kck 1 _|_O(qn+k))
1+ 5.16
Z (n+1)...(n+k)(1+O(q")) (5.16)
is well approximated by
= 1
1 P :
+Y ¢ — (5.17)
k=1
so that
1+ — =O0(n™"). 5.18
Z n+1 n+/€)(1+0(q”)) 1-¢ (™) (5.18)

Therefore, for z € SMH N{|z] < nr.}, equation (BH) reduces to

~ (jgpitAjing
encne —

2\/G31 V2 (1 — ()

Introduce the n-th critical radius, 77! = r?(j,j + 1) > 0, on the ray {¢ : arg{ =46,,41}, as a
solution of the equation

cosu + O(e”Rev) = (14+0(n™h)). (5.19)

Aj1+25)¢
2

eCe”

1

[21 /CiCit1 V 2mn (1 - C)] "

on the interval 0 < r] < 1. Observe that r is a small correction to r,

" =71.+O0(m tlnn). (5.21)

=1, ¢ =" =rretiin (5.20)

C

Theorem 5.2. (Zeros of the main series). There exists a (big) number Ry > 0 such that for
any zero z of f in the region,

Sijs1(ro, Ro, Risn) = Sjai(ro, Ro) [zt |2l <mrf — Ry}, i =1l(j.j+1), (5.22)
there exists a unique zero zx(n) of fn,_1 such that
zi(n) — 2z, = O(e7re—l=h)y, n — oo, (5.23)

where v > 0 is independent of n. There exists N > 0 such that Yn > N, the zeros zi(n),
described by [(ZZ3), exhaust all the zeros of f,—1 in the region S;j11(ro, Ro, Ri;n).
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Proof. Define

_ ggatAge
Bu() = ——=° Lo < (524
[2/Ee1 V2mn (1= )]
Then e
lim B,(Q) =B =eCe 2, ¢ <. (5.25)
and by (521,
B (rie®as)] = 1. (5.26)

The function g(r) = |3(re?ii+1)| is strictly increasing on the interval 0 < r < 1 and this,
together with (.2H), (B24), implies that for large n,

| B (retfia)| < efr=ré) ¢ > 0; 0<r<rl (5.27)
Equation (E19) is of the form
a(u) = 1n(2), (5.28)

where u and z are related as in (20), «(u) an entire function such that in the region
{u: |Imu| <a, Reu> b}, a,b >0,

a(u) = cosu + O(e~HeY), (5.29)
and v,(z) is an entire function such that
_ z
From (B27) and (2H) we obtain that in the region {u : |Imu| < a, Reu > b},
Y (2)] < C|3a(O)|" < CeclFI=m) ¢ e > 0; |z| < nrl. (5.31)

By Proposition this implies that for a given a > 0 there exists b > 0 and Ry > 0 such
that all the zeros, ug(n), of equation (28) in the region {u : |Imu| < a, Reu > b, |z| <
nr» — Ry}, are simple and close to the zeros, ug, of the function a(u), so that

up(n) — uy, = O(e=cmre Iz, n — oo, (5.32)
which implies ([23)). Theorem B2 is proved. O

We will call the zeros z(n) satisfying (BZ3), the zeros of the main series of f,_1. As
n — 00, they approach the zeros z; of f. This is true also for the finite zeros of Proposition

BT

6. SPURIOUS ZEROS

We will construct a sequence of spurious zeros of f,,_1(2) in the j-th one-term domination
sector, U;(rg, Ry). Let us first discuss the construction informally.
Construction of the rosette. In U;(ro, Ry),
f(2) = ¢ (1 + O(e4®)), (6.1)
where
dj(Z) = CIl’liIl{diSt(Z, Sj,j+1>7 diSt(Z, Sj—l,j)7 |Z‘}, c>0, (62)
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hence equation (L)), which is equivalent to the equation f,_1(z) = 0, reads

nne e (1 + O(” {1+ 0(g™)
1+Z (n+1). n—l—k)(l+0(q"))]7 (6.3)

n"c;\V2mn

1+0(e %)) =

or after the scaling z = n(,

ncn —AgnCe 12n(1+0( ))

14+ 0(e4e) = &
2mn
= CHL+ O ) o
x [1+ Z 1
pt m+1)...(n+k)(1+ O(qm))
By taking the n-th root, we obtain the equation,
) Nz (1 ))&
(14 O(e- b)) b = e e @ (14 0(")
(c;V2mn)n
1 (6.5)
e k k 1 19) n+k n
|14 Z C"(L+0(¢"™)) ’
n+1)...(n+k)(1+ O(qm))
where w, = 627;”, q=0,1,....,n—1. As an approximation to this equation, consider the
equation,
eCe ¢ = w,. (6.6)

By taking the absolute value of the both sides, we obtain the equation of the curve on the
complex plane,

e|Ce ™M =1. (6.7)
For A\; = 1 it reduces to the Szego equation,
el¢e™¢| =1, (6.8)
and for A\; = 0, to the equation of the circle,
I¢|=¢". (6.9)
If 0 < \j <1, it can be reduced to the equation,
el¢e Mkl =1,  £=elmENi(, (6.10)
If 0 < ¢ < 1, the set of solutions of the equation
e|ée™| =1 (6.11)

on the complex plane consists of two analytic curves: I' = I'(c), inside of the unit circle, and
Iy = I'o(c), outside of the unit circle. In the polar coordinates, & = re?, equation (GITI)
reads

141
cosf = g(r), g(r) = trnr . (6.12)
Observe that 1
, nr
. 1
g'(r) pE (6.13)

and g(r) attains a maximum at r = 1, with g(1) = 2 > 1. Also, g(0) = —oo and g(r) is
increasing on (0, 1]. Hence equation (GI2) has a unique solution in the interval 0 < r < 1 for
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any 6, and this solution determines the oval I'(¢). We will call (EI1) the generalized Szegi
equation and T'(c) the generalized Szegé curve. Figure 4 depicts the generalized Szego curve
for ¢ = 0.9. In the Cartesian coordinates the equation of I'(c) has the form,

y = +Veke—2 _ 42, (6.14)

0.6

T
-0.4

-0.6-

FIGURE 4. The generalized Szego curve for ¢ = 0.9.

The function

h(€) = efe™, (6.15)
is entire and it conformally maps the interior of the curve I'(¢) onto the unit disk,
h: IntI'(c) - D(0,1) ={z: |z| < 1}. (6.16)

The preimage, with respect to h, of the uniform probability measure on the unit circle,
(27)1d0, is the measure diymax(f) of the maximal entropy on I'(c).
We will denote the curve

GA) ={C: elce™¢ =1, [¢| <1}, (6.17)

so that
G(Aj) = e ¥BND(|\)). (6.18)

Recall that the sector U;(ro, Rp) is given by the inequalities,
s
9]'7]‘4_1 <arg( < 0]'_17]‘ mod 2, 9]‘7]'4_1 = — arg()\jH — )\]) + 5 (619)

According to (EI0), this implies that if A; # 0 then

O it1 < argf < Q-1 mod 271',

T 6.20
;i1 = —arg(Ajp — Aj) + B +arg ;. (6:20)
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This condition holds also for A\; = 0, if we take the agreement that arg\; = 0 for \; = 0.
Consider now the arc,

Fj = {g : é- c F(‘)‘JD’ Qj i1 < arg§ < OG-1,5 mod 27'('}, (621)
on I'(JA;]), and the arc,
gj = e‘iarg)‘ffj = {g : g c e—iargAjl—w(‘)\jD’ Hj,jﬂ < argg < Hj_l,j mod 27'('}, (622)

on G(A;). The arc G; C G(\;) goes from one side of the sector U;(rg, Ry) to another. More
precisely, we have the following statement. Consider the points

C(d g+ 1) =re(j,j+ 1), j=1...m. (6.23)
Proposition 6.1. The arc G; connects the point (.(j —1,7) to the point (.(j,j + 1).
Proof. From (226) we have that if arg z = 6; ;41 then
N1+ )z

Az = 5 . ueR, (6.24)
hence
(Aj4143,)¢
e =l =2 (6.25)
n
and equations (b)) and (B7) coincide. This proves that (.(j,j + 1) € G;. The relation
C(j —1,7) € G; is established in the same way. Proposition is proved. O

The rosette 'H is, by definition, the union of the arcs G; and the finite rays,
Rj,j—i—l = {Z = ,,,.6729 D 0= ej,j—i-l, 0 S r S TC(jaj + 1)}7 (626)
7 =1,...,m, so that

H=r|JG (6.27)
where i
R=JRjs (6.28)
G=Jg. (6.29)
izt

By definition, the j-th petal, P;, of the rosette H is the region bounded by the rays R; i1,
R;j_1;, and the arc G;.
Construction of the n-th rosette. As a better, than (E8), approximation to equation (E3),
consider the equation,
eCe_)‘jC

1

[c;v2mn (1 —Q)]"

By taking the absolute value of the both sides, we obtain the equation,
e ‘C e_)‘jc‘

[cj\/27m|1 - CH%

= w,. (6.30)

=1, (6.31)
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Consider the curve,

e }Ce_’\jc‘
[ejv/2mn |1 = (]]
and the arc GI' C G"();), which goes from the point

g +1) =125+ e (6.33)

to the point (7'(j — 1,7). Observe that if |A\;| < 1 then for large n, the curve G™(\;) lies
outside of the curve G()\;), and

g"(\) = =1, || <1 (6.32)

S|=

dist(G"(\,), G();)) = ‘312”(1 to(1), n—oo; ¢>0. (6.34)

Also, if 6 > 0 is fixed, then for large n, the curve G"(1) \ D(1,0) lies outside of the curve
G(1) \ D(1,6), so that the equations of G™(1) \ D(1,d) and G(1) \ D(1,6) in the polar
coordinates, p = 7"(0) and p = v(0), satisfy y"(0) > v(0), and

c(d)Inn
n

dist(G"(1) \ D(1,8),G(1) \ D(1,6)) = (1+0(1), n—oo; ¢d)>0. (6.35)

The n-th rosette, H", is, by definition, the union of the arcs G and the finite rays,

R;'L,j_H = {Z = Tew D 0= 9j,j+17 0<r< 7’?(],] + 1)}7 (636>
j=1,...,m, so that
where
j=1
and
g =Jgr (6.39)
j=1

By definition, the j-th petal, P}, of the rosette H" is the region bounded by the rays R},
R4, and the arc G'.
Construction of the spurious zeros. Consider the function,

eCeN¢
[cj\/27m (1-— C)] "

It maps the arc G} into the unit circle. Define the points (,(j,n) as the preimages of the
points w, on the arc G,

hi(¢) =

J

(6.40)

C(gn) = (B) " (wy),  Goldin) € G (6.41)
Let
djn(¢) = n min { dist(¢, (;'(5, 7 + 1)), dist(¢, ¢'(5 — 1,5)) }- (6.42)
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Theorem 6.2. (Spurious zeros, j # 1.) There exists Ry > 0 such that if j # 1 then for any
Co(j,m) € G} such that

djn(Cq(j;m)) > Ro, (6.43)
there exists a unique simple zero (x(n) of fn_1(nC) such that
Cr(n) = ¢ (4, n) + O(n~ e din(Calm) 4 =2y n — o0o. (6.44)

Proof. By using (E240), we write equation (E3), which is equivalent to the equation f,,_1(z) =
0, as
wo(1+ 04y = () (1 + O(n™?)), (6.45)
or as
hH(C) = wg + O(n~te (O 472, (6.46)
If 7 # 1, then the generalized Szeg6 curve, I'(|A;|), lies strictly inside of the unit circle, hence
the arc G; does. Observe that in a neighborhood of G;,

Tim h2(C) = hy(C) = eCe ™, (6.47)

and 7}(C) # 0, hence (R})'(¢) — h(¢) and [(h})'(C)| > € > 0 for large n. Since |wy —wy 1| =
2% + O(n™?), we obtain, by Proposition B33, that if d;,,(¢,(j, n)) is big then there is a simple
root (x(n) of equation (G.46) such that (EZ4]) holds, QED. O

For j = 1 the Szegd curve, I'(1), is not strictly inside of the unit disk, because it contains
the point ( = 1. Let us fix some p < 1 sufficiently close to 1 and partition the zeros (x(n)
of f,_1(n¢) into two groups: |(x(n)| < p and |(x(n)| > p. For the first group we will prove
formula (£44)) with j = 1. For the second group we will consider another approximation to
Cx(n). Let ¢?(n) be the zeros of the section s,,_1(n¢) of €™, so that

n—1
z
k=0

(n). The asymp-
— . In Appendices
, 0> 0.

O

We will prove for the second group, that (.(n) is well approximated by (
totics ¢Y(n) is well-known for |[(2(n)| < 1—¢, e > 0, and for [(2(n) —1| <
[A and [B below we derive uniform asymptotics of ¢{(n) in the disk D(1,4

S0

~—

Theorem 6.3. (Spurious zeros, j = 1.) There exist 1 > pg > 0 and Ry > 0 such that for
any p € (po, 1) the following is true: For any (,(1,n) € G such that

d1n(Gq(1, 1)) > Ro, (6.49)
and
(L, m)| < p, (6.50)
there exists a unique simple zero (x(n) of fn_1(nC) such that
Ce(n) = ¢ (1,n) + O(n~tehn @) 4 p=2), n — oo. (6.51)
In addition, for any zero (Y(n) of s,_1(nC) such that
G ()| > p, (6.52)

there exists a unique simple zero (,(n) of fn_1(nz) such that
Cu(n) = C(n) +O0(e™™), n — oo; c¢>0. (6.53)
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Proof. The first part of the theorem, about (EX1), is proved in the same way as Theorem
B2, and we omit the proof. For the second part, observe that for any 6 > 0 there exists
po < 1 such that for any p € (po, 1), condition (E5Z) implies that

1P (n) — 1] < 6. (6.54)
Let us write the equation,
n—1
(cads + .. ek,
faa(2) = 50ma(2) 4 F4(2) = et ondils g
k=0
in the form (n0)
Sn_1(n .
()= T = —e (), 2 =nC. (6.56)

Observe that if € > 0 is sufficiently small then there exists ¢ > 0 such that for any ¢ in the
e fum(2) =0(e™"), 0 — oo (6.57)
The zeros (7 (n) solve the equation g, (¢ (n)) = 0, and inequality (B70) in Appendix [Blbelow

implies that

192(O)] > [¢ =), i [¢—Gln)| <en™ (6.58)
Therefore, by Proposition E33, for any zero (P (n) of s,_1(n¢) there exists a unique simple
zero (i(n) of f,_1(n¢) such that (ER3) holds. Theorem B3 is proved. O

The zeros zx(n) described in Theorems B2 and B3 are called the spurious zeros of the
section f,,_1(2). For these zeros, (x(n) = zx(n)/n lies in a small neighborhood of the curve

g".

7. TRANSITIONAL ZEROS

For a given j = 1,...,m, the j-th set, 7", of the transitional zeros of f,_; is located in a
neighborhood of the point n¢'(j,j + 1). Let us first describe 7" informally. We set
z=n((j,j+1)+w (7.1)

and substitute this into equation (EI9), which is equivalent to f,,_1(z) = 0. This gives that
e
26 V2mn (1 - + %)
We will assume that w = O(n3) as n — oco. Then

(¢ +2)" = @yre @+ o), (73)

and ([T2) reduces to the equation,

(Aj+1+>\j)(7ng+w)
2

cosu + O(e~ ") = (1+0(n™h). (7.2)

1 Aj41tA

cosu + O(e~ ") = 4, e(Cc =t “(140(n"s)), (7.4)

where
(Njt1 +A jInce

P (9 |
" 2y/G0m V2 (1 - ()
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By &20),
Al =1, (7.6)

. ()‘j+17)‘j)z C+1
et =e " 2 =7, (7.7)
Cj

By substituting ([Z1]), we obtain that

) Q1= Anee Qjp1-Apw  feig
et =e 2 e 2 - (7.8)
€

and by (Z24]),

Observe that

Mjr1 = X)C = Njer = Ap)ree’™ ot = arg A — Ay, (7.9)
hence
. Aj1—Aj)w
e =By 2z, (7.10)
where
7;7L7"£L‘>\j+17>\j‘ C'-i-l
B,=¢ 2 S (7.11)
Gj
We have that
|Bal = 4[| 22|, (7.12)
Gj

Thus, equation ([Z4) reduces to

Qjp1—2jw 1 QiAipw (O
2

B g M g0 (G L oh), (1)
or
BehH® 4 BN — 24,65 = O(n74). (7.14)

The expression on the left is a three term exponential sum with the exponents A;;1, A;, and
¢! Observe that

=0t >,

and the vector (! is orthogonal to the one (A\j11 — A;). Since |\;], |Aj41] < 1, this implies
that the numbers \;;1, Aj, and (' do not lie on the same line. Now we can formulate the
asymptotic formula for the transitional zeros.

Theorem 7.1. (Transitional zeros.) There is a one-to-one correspondence between the zeros
wg(n) of the exponential sum,

gn(w) = BN+ B el — 2A,e ™, (7.15)

in the disk D(0,n3) and the zeros zx(n) of fu_1(2) in the disk D(n¢(j, j+1),n3), such that

2x(n) = nC(j,j + 1) + wi(n) + O(n7%). (7.16)
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Proof. 1t follows from ([L6l) and (CIZ) that there exists R > 0, independent of n, such that
all the zeros of g,(w) with |w| > R are simple and belong to the main series, see Section 2l

For them equation (ZI4) implies (ZIB), with even a better error term, O(n~3). It remains
to consider zeros |wg(n)| < R.

The zeros of g,(w) are at most double, since the Vandermonde determinant is nonzero.
Therefore, there exists € > 0, independent of n, such that for any three zeros, wy(n), w;(n),
Wi (n), of gn(w),

max { |wg(n) —wi(n)], [wi(n) —wm(n)], [wm(n) —win)]}>e. (7.17)
This implies that there exists 30 > 0 such that for any wg(n) € D(0, R), there exists
0.1e < r < 0.2¢ such that

|gn(w)| > 9, YV w —wg(n)| = r. (7.18)

Equation (ZT4)) implies now that 3 N > 0 such that Vn > N, there exists a zero z(n) of f,,—1
which satisfies ([LI6). Relation (ZI7) enables us to make the correspondence wg(n) — zx(n)
one-to-one. Theorem [l is proved. O

We call the zeros z;(n) satisfying (LI8), the transitional zeros in the neighborhood of the
point n((j, j +1). The set of these zeros is denoted by 7.". The set of all the transitional
Zeros 1s

T =J71" (7.19)
j=1

The set of transitional zeros overlaps with both the zeros of the main series and the spurious
ZETO0S.

8. COMPLETENESS OF ZEROS

Theorem 8.1. (Completeness.) There exists N > 0 such that for any n > N, any zero
zk(n) of fn_1 belongs to one of the following four categories: finite zeros, zeros of the main
series, spurious zeros, and transitional zeros.

Proof. We will consider zeros in different regions on the complex plane. As usual, zx(n) =

nCi(n).
Region 1, z(n) € D(0, Ry). The completeness follows from Proposition Bl
Region 2, (x(n) € C\ [D(0,p) UD(1,0)],0<p<1,0<9.

Lemma 8.2. (Absence of zeros outside of D(0,p) U D(1,6).) For any 6 > 0 there exist
1>p>0and N >0 such that for anyn > N, f,_1(n¢) # 0 if € D(0,p) U D(1,9).

Proof. Fix any ¢ > 0. The function s,_1(n() is a polynomial of degree (n — 1) and for large
¢ the leading term of this polynomial dominates,

n—1,n—1
Sp—1(n¢) = %(1 +0o(1)), n— occ. (8.1)
On the other hand, for small (,
sp_1(n¢) = e"(1+0(1)), n — oc. (8.2)

The transition from one asymptotics to another occurs in a neighborhood of the Szego curve.
Let T, € > 0, be the e-neighborhood of the Szegd curve ', and let D™ and D" be the
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two connected components of C \ I'., interior and exterior. Then, as shown by Szegé [18],
asymptotics (Bl holds in D™, while asymptotics (B2) holds in D", with a uniform with

€

respect to z estimate of the error terms o(1). It follows from (&Il), that for any g > 0 there
exists N > 0 such that

"I > [sua(nQ)] = T, (e D, > N (8.3)
It is obvious that for all ¢,

% k
[sn-1(nQ)] <> % = el¢l. (8.4)
k=0

For the given 6 > 0, let us choose ¢ > 0, ¢g > 0, &1 > 0, and 1 > p > 0 such that the
following three conditions are satisfied:

(1)

I'. € D(0,p) UD(1,0); (8.5)

(2)
INil(1+e) <l—gp—e+1np, j=2,....,M; (8.6)

and

(3)

Nl <e e j=2... M. (8.7)
We claim that then 3 N > 0 such that for j =2,..., M,

|5n—1(n)‘jC)| < 6_6n|sn—1(n<)|> C ¢ D(Oa p) U D(1> 5)a n > N. (88)

Indeed, consider two cases: (1) p < || < 1+¢y, and (2) |(] > 1 + ;. In case (1), by (B3),
B2, and (&),

‘Sn—l(nAjC)‘ < €n|)\jC\ < en(l—so—s)pn—l < en(1—€0—5)|c‘n—1 < e—sn‘sn_l(nc)‘7 n> ]\77 (89)

and in case (2), by (B3)) and (&),

[sn1(nA Q)] < eI < eI < e s, ()], m> N (8.10)
This proves (). From (BF) we obtain that there exists N > 0 such that

|[far(nQ)] < Me™"[s,_1(n)|. ¢ & D(0,p) UD(L,8), n> N, (8.11)

hence f,_1(n¢) = s,_1(n¢) + f1_,(n¢) # 0, if N is big enough, QED. O

Region 3, z(n) € S +1(r0, Ro) N D(0,np). We go back to Section Bl In the disk ¢ €
D(0, p), function (BEI6) is well approximated by (B.I1), hence the equation f,_1(n¢) = 0
reduces to (Id). Therefore, if zx(n) € S; j+1(ro, Ro) N D(0,np) and |z| > nrl + 0.5n3, then
equation f,_1(n¢) = 0 has no zeros for large n, because the absolute value of the right hand
side in (B2I9) approaches infinity, as n — oo, while the left hand side remains bounded. This
proves that the only zeros of f,_; in S; j+1(r0, Ro) N D(0, np) are the zeros of the main series
and transitional zeros.

Region 4, z(n) € U;(ro, Ro) N D(0,np). We go back to Section B In the disk ¢ € D(0, p),
function (B16) is well approximated by (BId), hence the equation f,,—1(n¢) = 0 reduces to
(E44). This implies that all the zeros of f,,_1 in S; j+1(r0, Ro) N D(0,np) are either spurious
or transitional.
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Region 5, (1(n) € D(1,6). According to (G.28), (651), the equation f,_; = 0 reduces to
the one,

S 819

Asymptotics (B39), in Appendix [Bl below, proves that all the zeros of the latter equation
are located near the zeros of s,,_1, which implies that all these zeros are spurious, described

by (E23).
This ends the proof of Theorem Bl O

9. LIMITING DISTRIBUTION OF ZEROS ON THE ROSETTE

It follows from Theorems B2, B2, and that as n — oo, the normalized zeros (, =
of the section f,_1 approach the rosette H, and the d-function measure of zeros,

n—1
1

dpty1=——) (¢ — () dC, 9.1
i n_1;<< Gr) d (9.1)

weakly converges to a probability measure on H,
Tim g1 = piae, (9.2)

such that for any continuous test function ¢((),
Tim [ o(C)dpn 1 = /sO(C)duH = /Hso(C)p(CﬂdCl, (9:3)

where p(¢) > 0 is a density function on H. The above theorems give the following description
of the density p(().

Theorem 9.1. On the ray R;j+1, p(C) is constant,

A1 — A
p(¢) = %> ¢ € Rjjns (54)
j=1,...,m. On the curve Gj,
I
p(C)=| JQ(WC)I’ ceg, (9.5)
where
hi(C) = CelNe, (9.6)

Proof. Ray R, +1. By (23) the scaled zeros (j(n) of f,—1 are close to the scaled zeros (j
of f, so that
Co(n) — G = O(n_le—’Y"(T’g_K‘k)). (9.7)
On the other hand, by 32) for z;, € S +1(r0, Ro),
2l
— )| =0(n"te). 9.8
Aj+1 — /\j> ( ) 88)

This implies that ((n) are close to the points of the lattice

2mli
Ljj= {Z =n"" (O‘j,jJrl + L) , L€ Z} , (9.9)
Aj1 = A

-1
G —n (O‘j,jﬂ +
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hence (@4)) follows.
Curve G;, j # 1. From (EZ44) we obtain that

Ck(’)’l,) = (h?)_l(wq) —+ O(n_le_djn(CQ(jvn)) + n_2)

. 9.10
= (hj)_l(wq) + O(n_le_djn(ctz(]v")) + n_2 ln n)’ ( )
hence
hi(Ge(n)) = wy + O(n~te%nCal@m) 1 n=21nn), (9.11)
If ¢ = (x(n) and ¢° is (x(n) which corresponds to w1, then
Wet1 — Wq = h;(()((’o — () 4 O(n~tem4n&lm) 4 =2 Inp), (9.12)
which implies ([@H). This proves Theorem @11 O

10. BEYOND CONDITIONS P AND Q

10.1. Beyond Condition P. Condition P means that there isno \;, 7 =m+1,..., M, on
the sides of the polygon P,,. Suppose that this condition does not hold and there are some
Ax’s on the side [A;, Aj+1]. Denote

0 = {)\k A € [)‘ju )‘j-l-l]}' (101)

Observe that o; includes A; and A;41. In this case, instead of two-term equation (23), we
consider the multiterm equation,

> e =0. (10.2)

k )\kEUJ
With the help of substitution (226) we reduce it to the equation
Y oaent =0, 1<y <1 (10.3)

k: )\kEO’j

The function on the left is quasiperiodic. Its zeros are concentrated in a finite strip {u :
|Imu| < A}. The distribution of zeros of quasiperiodic exponential sums was studied in the
work of Soprunova [I7]. It was shown that the zeros also have a property of quasiperiodicity,
and its average number is the same as for the function cosu.

The main results of the present paper, concerning the distribution of zeros of the expo-
nential sum and its sections, can be extended, with proper modifications, to the case when
Condition P does not hold, but it requires some additional considerations for the zeros of
the main series.

10.2. Beyond Condition Q. If Condition Q) violates then there are several maximal |\;|’s.
As an example, consider the symmetric sum,

m—1
1 j i
f(z) = - e'? =0, w=emn . (10.4)
§=0
In this case,
ka
ful2) = L (10.5)
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The rosette is symmetric and all the results are extended to this case. Figure 5 depicts zeros
of the n = 200 section of exponential sum ([I4]) for m = 4. The spurious zeros are described
in the symmetric case by parts of the original Szego curve, I'(1).
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FIGURE 5. The zeros of the n = 200 section of exponential sum (L4 for m = 4.

All the results are extended also to a slightly more general case of

m—1
f(z) = Z c;e™’* =0, w=em, (10.6)
§=0
where ¢; # 0, 7 =0,...,m —1, and a # 0. For m = 2 this includes the sine and cosine

functions.
Consider now the exponential sum

f(z) = Ze’\jz, (10.7)

where
N=e%i, p;eR. (10.8)
Then
fal2) =D apz", (10.9)
k=0
where

e 4 eikem
k!

In this case the asymptotic behavior of the coefficients a; depends on the arithmetic prop-

erties of the numbers ¢;, and the asymptotic behavior of the zeros z; of f, can be rather

complicated.

aj, = (10.10)
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APPENDIX A. UNIFORM ASYMPTOTICS OF THE ZEROS OF s, _1(n() IN THE DISK D(1,0)

We write the equation

n—1
(nQ)*
sn-1(n) =Y 2= =0 (A1)
k=0
as
(0" ()t s
‘ nl kzzo(nw)!’ (4:2)
or
e (" o~ ninFck
n! (n+k)! ! (A.3)
! prd !
We will assume that
(<1 (A.4)
With the help of the Stirling formula we obtain that
— = k — k+=)In(1+4+— — : A5
(n+k)! eXp[ (n+ +2)n< +n)+12n 12(n + k) (A.5)
Since )
In(l+2) = — %—i—O(x?’), z— 0, (A.6)
this gives that as n — oo,
Ink k> k
(n"fk)! —eh (1 +0 <n2 + H)) . 0<k<n (A7)
Also,
nlnk O(e™"), n"0<k<n, A8)
(n+k) o2 *e "), n<k '
Therefore,
0 n'nkgk Z .
Z e o), <, (A.9)
- (n+k)!
and equation (A3 reduces to
—nl ,n/ n e 2
77([ cEGrom| =1, Ids1 (A10)
n! —
Let
(="’ Rer<o. (A.11)
Then . .
2 2 _ . [° L2
Z ek = Z e et s / e 2 x4+ O(|7] + 1), (A.12)
k=0 k=0 0

by the Euler-Maclaurin integration formula. To justify the error term, observe that

—i—Tkn*l/z wH 22 an1/2 wH z -1/2 ——12+7xn*1/2
n n — T n .
e e 2ne dx| < + |T|n e 2 dx A.13
k k n




26 PAVEL BLEHER AND ROBERT MALLISON, JR.
hence

k2 —1/2 2 —1/2 x 2 ~1/2
x x T
E 6_%—'_ kn — / 6_%4_ n dr| < / < ‘; |n_1/2> ‘6_%"— o ‘d:[
0 0 n
k=0

(A.14)
< C(1+ 7)),
which implies (AT2). From ([AJ) and [AT2),
e Inkck 0o 2
5o i - n/ e 5 1+ O(|r] + 1), (A.15)
Equation (AJ]) reduces to
—nl,,n n . o] 22
% {n?/ ez x4+ O(|7] + 1)] = 1. (A.16)
n! 0

By applying the Stirling formula, we obtain that

en(l—()gn |i\/12_/ 6_§+deflf + 0] <(|7-‘ + 1)n_;>:| = 1. (Al?)
m™Jo

Let us fix any big number M > 0 and any small number € > 0, and consider the three
(partially overlapping) cases:

1) 0< 7] <M,

(2) M <|r| <ns =, Rer <0,

(3) ReT < —n°®.

Case (1), 0 < |7| < M. We assumed Re7r < 0, but if |7] < M, equations ([AI0) and
([(AT2) hold without this restriction. In the case under consideration,
2,,-1

C=e¢™? =1+t +—— 1 0n3), (A.18)

hence ,
100" = =T (14 O(n"2)), (A.19)
hence equation ((AI7) reduces to

_ (177)2

1 o 1

— T2 de4+0(n2) =1, A.20

= [« Fwron (4.20)
or

\/%/ e~ de+O(n3) =0, (A.21)

which is the Newman-Rivlin equation [I3], with an error term of the order of n~z. All zeros
of the function,

By = —— [ e Fde B = teric (), (A.22)
Ver J- 2 V2

are simple and they lie in the left half-plane, {z : Rez < 0}, see [§]. If we enumerate the
zeros 7, in the second quadrant by |7/, then

71 = —1.915990857 ... +42.816359418 . . .,
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and

D=

3mi 1 s —
T, = 2\/Tqe + + W In(8mq)es + O <q ) , q — o0. (A.23)

Since E(7) is real, it also has zeros 7y in the third quadrant. From (A20) we obtain that
the zeros (,(n) of s,_1(n¢) such that |(,(n) — 1] < Mn~'? and Im(;, > 0 are simple and
they have the asymptotics

((n)=1+n""27,+0(n"), n— . (A.24)

This formula, with the error term o(n~'/?), was obtained by Newman and Rivlin.
Case (2), M < |7| <ns~=, Ret < 0. For large 7 formula (AIJ) is modified as follows:

7_2
"0 = 7 (14 0(r°n 7)), (A.25)
hence instead of equation ([A2]]) we obtain the equation,
1 > 12 1
— e 2dr+0(r*n"2) =0, A.26

Under the assumption |7| < n5~¢ the error term is of the order of O(n™%). We can rewrite
the equation E(7) = 0 in the form,

E(r) = \/%7 /_T e‘éda: = 1. (A.27)

For Rem — —o0,
2

~ 1 T
E(T) ~ ——=T"e" 2, (A.28)
V2T
hence
1 i
_—2 7-_16_7 ~ 1’ (A29>
T
and
- 1 i
E'(1,) = \/%6_7 ~ =Ty (A.30)
If 6 = |(7 — 7)7,| < |74|" then
~ 1 -2 ~
E'(1) = \/—276_7 = E'(1,)(1 + O(9)), (A.31)
hence
|E(T) = 1| > |t — 7|, |7—14] <9 c> 0. (A.32)
Equation can be rewritten in the form,
E(r) =14 0(r*n"2). (A.33)
From Proposition we obtain now that
((n) =14+n"27,+0(n7Yg), ¢< nie, n — 0o. (A.34)

This asymptotics gives an extension of the asymptotics of Newman and Rivlin to ¢ < n3—c.
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Case (3), ReT < —n®, € > 0. Our calculations in this case are based on the formula,

oo

k2 1

To prove this formula, observe that

> ¢ = O(nexp(—n)), n— oo,

and y y
- oy Co - 2|,k &
(1—e )P < 2N Rt < ——
2 p = [

This implies ((A35). Similarly, from (A7) we obtain the estimate,

0 1k k 1 1
> i 536”*k () = el

We reduce now equatlon (m to

—nl,,n/ n 1
¢ n C |:l +0 <%):| = 1, ‘C| < exp(—n_5+€).

nl(1-¢) n(1l —[¢)

_i2 1 ~14e
St o ()] Wzewent

(A.35)

(A.36)

(A.37)

(A.38)

(A.39)

By applying the Stirling formula and by taking the n-th root, we obtain the equation,

[\/%1(_1{5 C)}% {1 o <m)] ~ Yo IC| < exp(—n~2¢),

2mqi

wy = e n» . As an approximation to this equation, consider the equation

W)= e C=w, ¢ <exp(—n2*).
We have that if ( =1 —t, then

2
SC=1- S+ 0), -0,

hence the solution to the equation h((,) = w, has the asymptotics,

2q smi q q
=t (0 (). o
MO-wlzaftc-al -al<® eso

As a better approximation to equation ([A4{), consider the equation
el=¢¢

[VImm(1— O]

Also,

—wy ¢ < exp(—n7E).

Observe that

[Vamm(i-¢)]" =140 (1“7”) L 1el < exp(—nm i),

(A.40)

(A1)

(A.42)

(A.43)

(A.44)

(A.45)

(A.46)
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hence by Proposition 23| there exists a zero ¢ of A" such that

("=t 0 (%) . (Aa7)

This in turn implies that there is a simple zero (,(n) of equation (AZ0) such that
n 1 15
Gq(n) =¢(; + O (W) ) qgzn. (A.48)

The following theorem summarizes the results of this appendix.

Theorem A.1. For any e > 0, the zeros (4(n) of s,—1(n¢) have asymptotics [A.34) in the
interval 1 < ¢ < ns—¢ and asymptotics ([A.48) in the interval n® < q < 3.

APPENDIX B. UNIFORM ASYMPTOTICS OF THE FUNCTION s,(n() IN THE DISK D(1,0)

The function

nok
z
su(2) = T (B.1)
k=0
solves the equation
sl = sy % , (B.2)
or
. e %"
(spe™?) = — - (B.3)
In addition,
li:in sp(2)e”* =0, (B.4)
hence .
L [T e udu
sul(2) = e / i (B.5)
This gives that
n+1_,n({—1) ~+o00
san¢) ="t [ e, (B.6)
n! ¢
where
¢(¢Q)=¢—In¢—-1. (B.7)

We will assume that In ¢ is taken on the principal branch, with a cut on (—o0,0]. Observe
that ¢ = 1 is a critical point of ¢(¢) and

-1 (-1’

5 gt (B.8)

¢(¢) =

Therefore, the function

Q) =Vo(()=v(—In¢—1 (B.9)

is analytic in some disk D(1,0), 6 > 0, and £ is the conformal mapping,
£:D(1,0) — Q, (B.10)
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where € is a domain with analytic boundary, 0 € Q. Tt follows from ([B.) that £(¢) is
analytically continued to the half-line (0,00) and £(0) = —o0, {(+00) = +00. From (B.g)

we have that (o1 (12 (1)
=" "6/ ' sve

For the inverse mapping, n = £~ : Q — D(1,4), we have that

+.. (B.11)

3
g:n()_1+\f§+—+\€8§ +... (B.12)
After the substitution v = ¢(u), (B:) becomes
n+1_n(¢—1) +o0
saln0) = [ ey ) an, (B.13)
n £©)
or if we put w = /nv,
1
nn+§en(ﬁ—1) +o00 ) w
sp(nC) = 7/ ey <—) dw. (B.14)
NG v
By applying the Stirling formula, we obtain that
sn(n() e [t L (w
v — | dw. B.15
. o i\ ) v (B.15)
The asymptotics of the integral on the right is described in terms of the complementary error
function,
+00
erfc (z / e dw. (B.16)
\/7
For any € > 0, as |z| — oo,
e~ 1 3T
erfc (z) = T ( 5. —1—0(2_4)) . |argz| < T & (B.17)

see [I]. Let us fix an arbitrary (big) number M > 1 and consider two cases: (1) |[(—1] < %
and (2) 25 <|¢—1[ < 4.
Case 1, | — 1| < % Since

0 (%) = 1/(0) + O(n"%) = V2 + O(n" %), (B.18)

if w is bounded, we obtain from (B.IH) that
) Lerte (VAE(Q) + O, -1/ < (B.19)

i : Nk :
Case 2, Mn < |¢ — 1] < §. Suppose first that
2m
larg(C — 1)l = =~ (B.20)
Then by (BI),
3m

|arg(§(C))] < 0.7m < ==, (B.21)
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if ¢ is small enough. Set a = \/n&(¢). We have that

/+oo R ﬂ J _ L /+oo _w2d
. T \m) T ) ) o

+ /+°° e I (=) =0 (= )| dw
a ! Vn ! vn ’
and as n — 00,

/:OO o {7’/ <%) d (%)] dw =0 (%) . |argal < ?% —e (B23)

Indeed, set w = a +t. Then the latter integral becomes

/0+oo 0> —2at—1’ [n' (a—\;%t) = (%)] dt. (B.24)

We can choose the contour of integration near ¢t = 0 as t = re ‘8% rq > r > 0, where
ro = 0.1]al, and then from tq = roe **8% to +oo in such a way that |e_(“+t)2| is decreasing
to 0. Observe that for ro > r > 0,

(B.22)

hence
o= S e o
i st ¢ and 6 — VRE(C), wo have that
i (ﬁ) —(EO) = g (B.27)

We obtain now from (B22), (B23) and (BI7), that

[T () mag [ aelo ()]
w10 ()] e <

(B.28)

hence by (BI3),
2m

Sn(”g)_ ! eric n # ar — —
T sge e v [1+0 (=5 )| - lmc-ni< T @29

Suppose now that

2T

. (B.30)

larg(¢ —1) — 7| <
Then by (BI),

3T

larg(£(¢)) — 7| < 0.7m < T (B.31)
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if 0 is small enough. Observe that s,(0) = 1, hence from (B.6) we obtain that

o0 N |
o) 4 €'
/0 e du = prr (B.32)
Therefore, (Bf) can be rewritten as
n+1_n(¢-1) ¢
sn(nC) = " — #/ e Wy, (B.33)
n! 0
and (BI3) as
sn(nq) et [VREQ , [ w
=1- v — | d B.34
enc \/% . € n \/ﬁ w, ( 3 )
Observe that
erfc (— / e v’ dw, B.35
=7 (B.35)
and by (BID),
B e 1 4 3T
erfc (—z) = - (1 ¥ +O0(z )) , Jargz — 7| < L (B.36)
Also,
erfc (—z) +erfcz = 2. (B.37)
Similar to (B:29), we obtain now that
sn(nC) 1 [ < 1 )} 27
=1— ——erfc(—/n 140 ——+—)|, |arg((—1)—7| < —.
(B.38)
Let us summarize the results of this appendix.
Theorem B.1. There exists 6 > 0 such that for any M > 1 as n — oo,
( 1
ee (VIE(Q) + 0, if 61 < T2
1
erfc (v/n&(C {I—I—O <7)} ,
2f§’( ¢) (Vn(d) €—=1n
Sn(no . . M 21 .
v if ﬁ§|§—1|§5 and |arg(§—1)|§?7 (B.39)
1 1
L afe(—yme( {1+O (7)] ,
2vae YOO\ =T
M 27
if ——<|c—1]< —1) -7 < =.
\ if \/ﬁ_\g 1] <6 and |arg(¢—1)—7| < 3

A similar asymptotics for real ¢ > 0 was obtained by Jet Wimp (unpublished), see [9].
Asymptotics (B339) can be used to locate the zeros of s,. The zeros o, d,, of erfc (o) are
located in the second and the third quadrants, and the ones in the second quadrant have
the asymptotics 8],

o, = V2mqe T + 4\/_ In(87q)e + O ( 5) : q — 00, (B.40)

[un
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cf. (AZ3), where 7, = v/20,. The first zero is

o1 = —1.3548101281 ... 4 41.9914668430. . . (B.41)
Asymptotics (B:40) can be obtained from the equation
2
e % 1 4
2 =erfc(—o,) = = (1 - T‘g + O(o, )) : q — 00, (B.42)

It follows from (B3J) that the zeros (,(n), (,(n) of s,(n() are also located in the second
and the third quadrants. Let us find the large n asymptotics of (,(n). First we consider the
problem informally. By (B39), the equation s,(n¢) = 0 can be rewritten as

exfc (—/m£(C)) = % [1 +0 (ﬁ)} | (B.43)

! o= v/né&(Q); (B.44)
then (B.43) reads

exfc (—o) 772@) {1 +0 (%)} | (B.45)

We are looking for o = o,+7, where 7 is a small correction to be determined. It is convenient
to take logarithm of the both sides of (B.4H),

In 2 1
logerfc (—o, — 7) = 5 ;1 — logn’ (0‘1\/27—) + 0 (\/—n_q) : (B.46)

(Observe that o, ' = O(q™"/?).) We have the Taylor expansion,

/ j—
log erfc (—o, — 7) = logerfc (—o,) — erfe (20,) 7 +O(7?)
erfc (—oy) (B.47)
—ln2+ﬂ+0(72) |
B Vmerfe (—ay) ’

where the error term is uniform in o,. Indeed, it follows from asymptotics (B36) that

2

erfc’(—o) 2e77 1 5
- _ =95 — = B4
erfc (—o) Vmerfe (—o) 7T +00™), (B48)
hence 3
logerfe (o) = O(1), o —o0;  |argo — 7| < Zﬂ . (B.49)

We find 7 from the equation,

2

2e % T 3In2 1o
In2 = —1 " =L B.50
net Verfe (—o,) 2 8 ( ) ’ (B:50)

P VT [1“_2 gy (“_)] heric (—ay). (B.51)

so that
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or

1 04
=—9g|— B.52
T ng(\/ﬁ)h(%)’ (B.52)
where the function
1 [In2 V2 52
=—— |— —logn/ = — - —+... B.

o) = 52 | —low ()] = — o+ (B.53)

is analytic at z = 0, and

1

ho) = —/moe erfc (—o) =1 — 557 +0(c™", o — 0. (B.54)

Theorem B.2. There exists 6 > 0 such that all the zeros (,(n) of s,(n() in the domain
D(1,6) N {Im ¢ > 0} have the asymptotics,

o Tq 1
where 1 is the inverse function of £(() = /¢ —In¢ —1, see (B13), {o,, ¢ =1,2,...} are

the zeros of erfc (o) in the upper half-plane, and

o
1= () i) (B.50)
where g and h are defined in (BX23) and (B-54), respectively.
Proof. Existence. Let us write equation (BA4d) as

3n2 oq+T 1
log erfc (—o, — 7) = —logy 28 —0(— B.
ogerfc(—o, — 7) 5 ogn ( NG ) + (1), e(T) O(ﬁ) , (B.57)
or as
In2
f(r) =logerfc(—o, — 7) — 3 ;1 +logn' (U‘J\/—%T) —¢e(r) =0. (B.58)
Let
1 Oq
=g —%)h(o,), (B.59)
7 ()
Then from (BA0) we obtain that
( ) (B.60)
and from (B41), (B:48), that
FE)>e>0;  f(1)=0(1), |r—r|<ni (B.61)
This implies the existence of a zero 7% of f(7) such that
1
=740 (—) . B.62
N (B.62)

By (B44), this means that there is a zero ¢! of s,(n¢) such that
oy + 7" = Vné(lt), (B.63)
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(o o)

which implies (BEH). The existence is proved.
Uniqueness From (B36) it follows that any zero o of equation (BZH) must be in the disk

D(0,,n™3), but by (BBI) there is a unique zero in this disk. This proves the uniqueness.
Theorem [B2 is proved. O

It follows from (BEH), (BE3), and (B3A4), that 7, is uniformly bounded, hence equation
(BED) can be rewritten in the form,

hence

ron () ()3 r0(). m o
Equation (B.5H) implies also that
£(Gm) = F+ 40 (nlf) 0 — 0. (B.66)
It follows from Theorem Bl and B2 that
(%) e V2no, (1+0(q7Y) . (B.67)

Indeed, when we differentiate the last formula in ([B39), we obtain, with the help of (B.60)
and (B42), that

(Sng?7) _ V[_eﬁc( fo())' + erfe (—v/n€(Q))| _¢ () O1)
e ) | 22 E=Ca(m) q (B.68)
IVACap—ra _ VP e |
V2r (=Cy(n) How V2r How

which implies (B67), due to (B42). If we differentiate the last formula in (B239) twice, we
obtain similarly, that
sn(n¢)\"
ens

By combining (B67) and (B.6J), we obtain the following result.
Proposition B.3. There exists ¢ > 0 and N > 0 such thatVn > N,

U > g lc -Gl if -G <

: 1
=0(ng), if |¢—=G(n)| < N (B.69)

(B.70)

3
LS
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